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Introduction: CFD for free-surface flows

I Traditional CFD can help you in many applications ...

aaaaaaa Finite Elements aaaaaaaaaaaaa Boundary Elements

http://www.opentelemac.org

Dombre et al. (2015), J. Ocean Engng. Marine Energy 1(1):55–76
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Introduction: CFD for free-surface flows

I ... but about these flows?
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Particle methods

I Why particle methods are useful
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SPH

aa Smoothed
aa Particle
aa Hydrodynamics
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What is a ’particle’?

I Going to Wikipedia
I ’A particle is a minute fragment or quantity of matter’

I Usual meanings in science
I Smallest constituents of matter (Standard Model)
I Nanoparticles, colloidal particles
I Dust, powder, ashes
I Sediment grains, water droplets
I etc.
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I Usual meanings in science
I Smallest constituents of matter (Standard Model)
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I Dust, powder, ashes
I Sediment grains, water droplets
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I The duality of ’particles’ in SPH
I They are material points
I They have volume, mass, pressure, density, etc.
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a

aaa 1. Fundamentals of SPH
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SPH Particles and kernel

I Particle a has position ra, mass ma, volume Va, etc.

I Particle interaction are computed using the ’kernel’ w(r)

I The support of w has size 2h, h = smoothing length

I w is normalised:

∫
Ω

w (r)dr = 1

2h

w(r)

a

b

Lucy, L.B. (1977), Astron. J. 82:1013–1024

Gingold, R.A., Monaghan, J.J. (1977), Mon. Not. R. Astron. Soc. 181:375–389
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SPH interpolation

I Continuous interpolation:

f (r) =

∫
Ω

f (r′)δ (r− r′)dr′

=

∫
Ω

f (r′)w (|r− r′|)dr′ +O
(
h2
)

I Discrete interpolation:

f (ra) ≡ fa ≈
∑
b

Vbfbw (|ra − rb|)

I Case of the density f ≡ ρ = m/V :

ρa =
∑
b

mbwab

I rab + |ra − rb|
I wab + w (rab)
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SPH interpolation

I Illustration

ρa =
∑
b

mbwab

wab

a b
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SPH interpolation

I Illustration

ρa =
∑
b

mbwab

wab

a b a
b

wab

larger ρa aaaaaaaaaaaaaaaaaaaa smaller ρa
aaaaaaaaaaaaaaaaaaaaaaa ρ̇a = −ρa (∇ · v)a < 0
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SPH divergence

I Differentiating the density:

dρa =
∑
b

mbdwab

=
∑
b

mb (dra − drb) · ∇wab

I Dividing by dt (with dra = vadt):

ρ̇a =
∑
b

mb (va − vb) · ∇wab︸ ︷︷ ︸
≈−ρa(∇·v)a

I SPH divergence operator:

Da {vb} + −
1

ρa

∑
b

mb (va − vb) · ∇wab ≈ (∇ · v)a
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SPH gradient

I On similar grounds, we get the SPH gradient operator:

Ga {pb} + ρa
∑
b

mb

(
pa
ρ2
a

+
pb
ρ2
b

)
∇wab ≈ (∇p)a

I One can define inner products:

〈{fa}, {ga}〉 +
∑
a

Vafaga ≈
∫

Ω

f (r)g (r)dr

〈{fa}, {ga}〉 +
∑
a

Vafa · ga ≈
∫

Ω

f (r) · g (r)dr

I Key property: G et D are skew-adjoint:

〈Ga{pb}, {va}〉 = −〈{pa},Da{vb}〉
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Summary of SPH operators

I SPH divergence:

Da {vb} + −
1

ρa

∑
b

mb (va − vb) · ∇wab ≈ (∇ · v)a

I SPH gradient:

Ga {pb} + ρa
∑
b

mb

(
pa
ρ2
a

+
pb
ρ2
b

)
∇wab ≈ (∇p)a

I SPH Laplacian:

La {vb} + 2
∑
b

Vb (va − vb)
rab
r2
ab

· ∇wab ≈
(
∇2v

)
a

I rab + ra − rb
I rab + |rab|
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Standard Weakly Compressible SPH model (WCSPH)

I SPH form of the Lagrangian Navier-Stokes equations:

v̇a = − 1

ρa
Ga {pb}+

µ

ρa
La {vb}+ g

ṙa = va

ρ̇a = −ρaDa {vb}

pa =
ρ0c

2
0

γ

(
ργa
ργ0
− 1

)
I Definitions:

I va, ρa, pa, ra: particle velocity, density, pressure, position
I µ + ρ0ν: fluid dynamic viscosity
I ρ0: reference fluid density
I c0 + 10Umax: numerical speed of sound
I γ = 7 for water

Monaghan, J.J. (1994), J. Comput. Phys. 110:399–406
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Example: Taylor-Green vortices

15 / 44



Energy

I Behaviour of the macroscopic energy (Hamiltonian):

H =
∑
a

ma

(
1

2
v2
a + eint,a − g · ra

)
aaėint =

∂eint
∂ρ

ρ̇ =
p

ρ2
ρ̇

Ḣ =
∑
a

ma

[
(v̇a − g) · va +

pa
ρ2
a

ρ̇a

]
= −

∑
a

Va (Ga {pb} · va + paDa {vb}) +viscosity

= −〈Ga {pb} , {va}〉 − 〈{pa} ,Da {vb}〉 +viscosity

= +viscosity

I This is similar to...

Ḣ = −
∫

Ω

(v · ∇p+ p∇ · v) dr =

∫
∂Ω

pv · n dΓ + viscosity
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Ḣ =
∑
a

ma

[
(v̇a − g) · va +

pa
ρ2
a

ρ̇a

]
= −

∑
a

Va (Ga {pb} · va + paDa {vb}) +viscosity

= −〈Ga {pb} , {va}〉 − 〈{pa} ,Da {vb}〉 +viscosity

= +viscosity

I This is similar to...
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Hydraulic jump
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Modelling walls in SPH

I Solid walls can be discretised with boundary elements s and
truncated particles called vertex particles v

w(r)

a

b

v
s

wall

Integral of w over the kernel support:

aaaγa +
∫

Ω

w (|ra − r|)dr ≤ 1
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a
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v
s

wall

Integral of w over the kernel support:

aaaγa +
∫

Ω

w (|ra − r|)dr ≤ 1

ρa =
1

γa

∑
b

mbwab

ρ̇a =
1

γa

∑
b

mb (va − vb) · ∇wab −
γ̇a
γ2
a

∑
b

mbwab

18 / 44



Modelling walls in SPH

I SPH divergence with boundary terms:

Dγ
a {vb} + −

1

γaρa

∑
b

mb (va − vb) · ∇wab︸ ︷︷ ︸
contribution of particles

+
1

γa

∑
s

(va − vs) · ∇γas︸ ︷︷ ︸
contribution of boundary

elements

where ∇γas +
∫
s

w (|ra − r|)ns dΓ

I γa and ∇γas can be computed analytically

I The velocities of boundary elements vs are prescribed

I Similar treatments are applied to Gγ
a {pb} and Lγa {vb}

Ferrand et al. (2012), Int. J. Num. Meth. Fluids 71(4):446–472
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Water collapse on a wedge
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3D Water collapse
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Validation

I Comparaison against experiments (Kleefsman et al., 2005)
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Kleefsman et al. (2005), J. Comput. Phys. 206:363–393
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a

aa 2. Application to hydraulics
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Application fields

I SPH can be used to solve:
I (Reynolds-Averaged) Navier–Stokes equations

I Pressure Poisson equation (ISPH): Lγa {pb} =
ρ

∆tD
γ
a {vb}

I Turbulent k − ε model: k̇a = Pa + Lγa {νT,b, kb} − εa
I Temperature equation: Ṫa = KLγa {Tb}
I Shallow water equations: U̇a = −gGγ {ηa}

I Multi-fluid flows

I Surface tension

I Sediment transport

I Porous media

I Rigid bodies in fluids

I etc.

I ... but is SPH as good as mesh methods?
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Lid-driven cavity flow

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0  0.2  0.4  0.6  0.8  1
 0

 0.2

 0.4

 0.6

 0.8

 1
-0.4 -0.2  0  0.2  0.4  0.6  0.8  1

v
+

z
+

x
+

u
+

Ghia et al., v
+

Ghia et al., u
+

ISPH-USAW

FV

 0

 0.5

 1

 1.5

 2

 0  0.2  0.4  0.6  0.8  1

p
+

x
+

ISPH-USAW

FV

Leroy et al. (2014), J. Comput. Phys. 261:106–129
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Heated lid-driven cavity flow
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Channel DNS

I Reτ = 210

I ca. 10 million particles

aaa+ + SPH

aaa+ * Mesh methods
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Open boundaries in SPH
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Open boundaries in SPH
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Open boundaries in SPH
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Open boundaries in SPH

29 / 44



Oil spill containment boom

www.cedre.fr/Cedre

Violeau et al. (2007), Coastal Eng. 54:895–913
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Oil spill containment boom

I Oil spill stability criterion:

aaaaaa
buoyancy

TKE production
∼ ρoilS

√
k

(ρ− ρoil) g
≤

√
8

3Cµ
≈ 5.44

www.cedre.fr/Cedre

Violeau et al. (2007), Coastal Eng. 54:895–913
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Oil spill containment boom
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Multi-phase SPH

I Example: water and air
I Requires modified operators Gγ , Dγ

a and Lγa

32 / 44



High-Performance Computing for SPH

I Each particule interacts with about 250 neighbours en 3D(!)

I SPH is thus time consuming...

I Solutions:
I Massive parallelism on CPU clusters
I Graphic cards (GPU) computing (Hérault et al., 2010)

aaaaaaaaaaaaaaaaaBull Tera 100
aaaaaaaaaaaaaaaaaaa100 Me

aaaaaNVidia GeForce GTX 275
aaaaaaaaaaaaa1800e

Hérault et al. (2010), J. Hydr. Res. 48:74–79
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HPC with massive clusters

I Ski-jump dam spillway
I ca. 1.3 million particles, 1.2 million boundary elements
I 2 days CPU on 512 nodes (IBM BlueGene) for 93,000 iterations
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HPC with GPUs

I Vertical slot fish pass
I GPUSPH open-source code (http://www.gpusph.org)
I ca. 370,000 particles, 80,000 boundary elements
I 5 hours on a single graphic card for 150,000 iterations

35 / 44



HPC with GPUs

I Offshore wind turbine
I ca. 560,000 particles, 200,000 boundary elements
I 8 hours on 2 graphic cards for 300,000 iterations
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On-going projects

I Hydro-restoration tank
I Mixed confined/free-surface flow
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On-going projects

I Ogee-type dam spillway
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On-going projects

I Ogee-type dam spillway
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Lagrangian–Eulerian coupling

I The future of SPH?
I Fluid (SPH) – Structure (mesh)
I Fluid (SPH) – Fluid (mesh)
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a

aaaaaaa 3. Conclusions
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More about SPH

I SPHERIC: SPH European Research Interest Community
I Created October 2005
I Hosted by ERCOFTAC
I 70 member institutes worldwide
I Annual conference (ca. 100 attendees)
I Biannual newsletter
I Grand Challenge Working Group

http://wiki.manchester.ac.uk/spheric

I Further reading (Violeau, 2012)
I Understanding the fundamentals of fluids
I Introducing SPH for fluids
I 616 pages, 111 figures
I Published by Oxford University Press

http://ukcatalogue.oup.com/product/9780199655526.do
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This book presents the SPH (Smoothed Particle Hydrodynamics) method for fluid modelling from 
a theoretical and applied viewpoint. It comprises two parts that refer to each other. The first Part, 
dealing with the fundamentals of hydraulics, is based on the elementary principles of Lagrangian 
and Hamiltonian mechanics. The specific laws governing a system of macroscopic particles are built, 
before large systems involving dissipative processes are explained. The continua are discussed, and 
a fairly exhaustive account of turbulence is given. The second Part discloses the bases of the SPH 
Lagrangian numerical method from the continuous equations, as well as from discrete variational 
principles, setting out the method’s specific properties of conservativity and invariance. Various 
numerical schemes are compared, referring to the physics as dealt with in the first Part. Applications 
to schematic instances are discussed, as well as practical applications to the dimensioning of coastal 
and fluvial structures.

Despite the rapid growth in the SPH field, this book is the first to present the method in a 
comprehensive way for fluids. It should serve as a rigorous introduction to SPH and a reference for 
fundamental mathematical fluid dynamics. This book is intended for scientists, doctoral students, 
teachers, and engineers who want to enjoy a rather unified approach to the theoretical basis of 
hydraulics or who want to improve their skills using the SPH method. It will inspire the reader with a 
feeling of unity, answering many questions without any detrimental formalism.

‘This is an unconventional, deep and broad-ranging treatment of mathematical fluid mechanics, 
leading to the development of SPH for complex engineering applications involving turbulent 
free-surface flow. The book is built on careful development of theory from Lagrangian, statistical 
and variational principles, underpinned by strong physical reasoning. For graduate students in 
engineering and physics, particularly those with an interest in SPH, this will be a valuable reference, 
and there are fresh insights for the most expert reader.’

Nathan Quinlan, School of Engineering and Informatics, National University of Ireland Galway

‘The book will serve as an invaluable guide and introduction to anyone interested in “how and why 
SPH works”. This text will take them into the heart of the method to the most fundamental basic 
principles, and give them the definitive background on the technique. The book will be particularly 
useful for graduate research students and practising engineers. Furthermore, as SPH is now 
beginning to be part of university degree courses, this is possibly the only book that covers all the 
areas needed for further reading and study.’

Benedict Rogers, School of Mechanical, Aerospace and Civil Engineering, 
University of Manchester

9 780199 655526

ISBN 978-0-19-965552-6
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 Theory and Applications
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Cover image: Collapse of a water cube in a tank, modelled with SPH 
using code Spartacus-3D (developed by EDF). Post-treatment made 

by John Biddiscombe (Swiss National Supercomputing Center).

Violeau, D. (2012), Fluid Mechanics and the SPH Method, Oxford Univ. Press
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